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ABSTRACT

This report deals with the study of electrostatic ¥gves in bcunden

Erv v Re et

hot plasmas and, except for a few dc measurements, is ificoreticsl.

The study is broedly divided into two parts. The first section in-
vestigates iaves in a diode system with no dc megznetic field vpplied. A
dc analysis of the equilibrium plasma produced within a thersdonic diode
is undertaken to provide 8 basis for the rf analysis, and expected plasasa
densities in the diode are computed for 8 variety of practicsl situstions.
Electrostatic wave resonances in the diode are predicted by using the
hydrodynamic model for the norunifcrm plasma. The impedance of 8 unifors
plasma diode is obtained by using a kineiic model of the plasns. This
model enables us to take into account the end plste electron sabscrption
loss, a process similsr to that which causes end plate diffusion in the
Q-machine. The absorption loss is fcund to have a large effect on the
impedance of the diode.

The second part of the report deals with the study of guided waves
aleng a cylindrical column of Maxwellian plasms in 8 magnetic field A
dc study of the plasma column is first conducted. Thecretical dersity
and current profiles are obtained and sre compasred with the meg..vp r:-
sults, Since en rf anaiysis using 8 self-consistent dc splutior ir v.e
involved, the plasma column is approximated by a» uniform plesas witk a
sharp boundary and no drift, To obtain the rf fields in such & columan,
a plane-wave solution for an infinite Maxwellian plssms in an spplied
magnetic field is first obtained. By superimposing infinitely zany
plane waves, the fields within the coiumn are constructed. snd .’ mstching
the appropriaie fields at the boundary, a dispersion re:sticn is derived.

The solutions to the dispersion relstion reveal the existence of &
new type of unstable waves, When only the electrons sre ssrumed to respond
to the electric field, the surface waves which propsgate when “ce < e
are fouud to be unstable., When the i1on motion is included, sdditional
unstable surface waves .re obtained whenever “ei © ;pi' A study of the
instability shows that it is due to finite Lsrmor radii effects and is

driven by the transverse energy of the particles.

iii




While the “eiectron” suriace wave irstability is relstiveir weak
scd csn easily be stabilized by nasking —ce > “pe” the “:0a” surface
wave insisbiliiy is found to he very strong, and the statilizing condition
of ~ci > ~p1 is not easily sttained in high de:sity plasmse suck oS
those ir fusion mechines. Thus, the uustable ion surfscc waves msy have

8 serious effect or tke contsimment of the fusion plsams.
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I. INTRODUCTION

The object ¢f this study is an investigation of electrostatic waves
in bouanded kot plesmas, While the bulk of prior work on electrostatic
wavegs is restricted to infinitely extended plasmas, our study emphasizes
the effects due to finite plasma boundary, Originally we hoped to avoid
complicaticns due to instabilities by restricting our work to near equi-
librium plasmas, Yet in the study of a perfectly Maxwellian magneto-
plasma column, we uiscovered unstable surface waves which are due to
finite Lermor radii effects,

Plesmas in perfect thermostatic equilibrium are generated inside a
black body, and our work on the subject of equilibrium plasma generation
and the waves in such plasmas is summarized in Section A below, A near
equilibrium column of plasma is obtained in a magnetic field between
electron and ion emitting end plates, Prior work on electrostatic waves
in such plasma columns and our own work which lead to the discovery of
unstable waves is summarized in Section B, A brief review of kncwn in-
stabilities in Section C places the newly discovered instability into

proper perspective,

A, PLASMAS IN PERFECT THERMOSTATIC EQUILIBRIUM

Theory and interpretation of experimental data on plasmas often
suffer because the deviations from equilibrium are not known exactly,
A situation in which all of the constituents are in equilibrium may be
found inside a black body, A study of the dc states of an equilibrium
plasma bounded by thermionically emitting walls is undertaken in Chapter
II. An earlier work by Not:tinghaml considers the diode geometry con-
sisting of two parallel infinite walls emitting only electrons, 1In such
a system the electron density within the diode sp.ce was found to be
highly nonuniform and became very low at a distance of a few Debye lengths
eway from the wall, We show that under equilibrium conditions a small
amount of ions emitted from a thermionic emitter can neutralize the
electron space charge to form a plasma in the diode space, This is il-
lustrated by computations based on diode walls made from pure refractory

metals, The effects of enhinced ion emission from the walls due to the
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introduction of alkali vapor in the diode space are also examined, Some
experimental measurements for a sodium plasma are given and compared with
the theoretical prediction,

Electrostatic waves within the equilibrium plasma diode are studied
in Chapter III. The nonuniform sheath effects are investigated by means
of the hydrodynamic model of the plasma, Previously the hydrodynamic
model was u.ed by Weissg1392 and later by Parker3 to explain the Dattnerh
resonances in a nonuniform plasma column, As opposed to these previous
works on free boundary shesths, our study is directed to the cathode
sheaths bounded by an emitter,

In the second part of Chapter III we present a study of end plate
loss effects by using a kinetic model of the plasma, The end plate
losses are due to the same mechanism which causes end plate diffusion
in a plasma column such as that produced in the Q-machine.5 When par-
ticles in the magnetized plasma column are absorbed by the end plate
and re-emitted with different guiding centers, the net result is a
diffusion of the particles away from the column, In the diode system
consisting of infinite parallel planes, we are not concerned with dif-
fusion, but the process of absorption and re-emission causes rf energy
loss in the diode. An electron emitted from the wall acquires rf energy
as it traverses the diode space, and the entire energy is lost as it is
absorbed at the other wall, Previous work oy Hall wused kinetic theory
in considering a plasma capacitor but assumed perfect reflection of the
particles at the boundary and thereby neglected the end plate loss effects.
In our study we include the absorption effect at the end plate, but
because of the extreme complexity of kinetic analysis, we were able to

study only the case of a uniform plasma in the diode space,

B. ELECTROSTATIC WAVES IN A PLASMA COLUMN

In a practical plasma the emitting plates are not infinite in extent,
In fact, plasmas are often produced between two circular emitting plates
which are scparated by a distance several times greater than the plate
radius, Confinement of the plasma in such a column is achieved by ap-
plying a magnetic field along the axis, A dc study of such a column of

magnetized plasma is given in Chapter IV, Theoretical density and

[ —
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current profiles are computed from an appropriate solution to the Boltz-
mann equation and a comparison is made with some experimental results,
The study indicates that the plasma column may be approximated by a
uniform plasma with a sharp boundary, To simplify the study of waves in
the plasma column, it is essential to assume that the column is uniform,
In 1957 Gould and Trivelpiece7 used the cold plasma model to predict
electrostatic wave propagation along a uniform plasma column such as the
one shown in Fig, 1,1, The dispersion relations for cylindrically sym-
metic waves along such a cclumn are shown in Fig, 1.2, When wc > wp,
propagation ;s cogfined within two frequency ranges, O < W S_wp and
wc < W< /wp + wc. Whether the plasma completely fills the waveguide
or not, these passbands are unaltered as long as wc > wb' However,
when wc < wp, filled and unfilled waveguides have different passbands,
For the completely filled waveguide, the two passbands are 0 < ® < W,

and wp < W< w? + w? When the plasma does not fill the waveguide,

P c’
the upper passband is as before Cbp <Ww< w§ + wi ), but the lowest
order mode of the low-frequency band propagates in the band 0 <« w <«

(wﬁ + wi)/a as shown by the dotted line. This particular mode is a

WAVE GUIDE

FIG. 1,1, CONFIGURATION OF PLASMA IN A
CYLINDRICAL WAVEGUIDE,

_3..
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FIG, 1,2, DISPERSION RELATION FOR WAVES IN CYLINDRICAL PLASMA
COLUMN, Dispersion relations for waves in a cylindrical
column of cold plasma are given for two cases, The diagram
on the right shows dispersion relations with w, = 1.2
and on the left dispersion relations with We = G.5 wp are
shown, The quantity ka 3Js the product cf wavenumber and
the waveguide radius,

surface wave in the frequency range o < ® < /(wﬁ + mi)/Q in that the

fields are strongest near the edge of the plasma, Such a surface mode
cannot be excited in a filled waveguide, In Chapter VI attention is
directed toward this surface wave which becomes unstable when the
temperature effects are included properly,

Agdur and Weissglas8 used the hydrodynamic model of the plasma to
point out the temperature effects, Later Jayson and Lichtenberg9 used
an electron plasma model with Maxwellian velocity distribution along the
magnetic field but with zero transverse temperature to compute dispersion
relations for waves in filled waveguides, Kuehl et al1O used a fuliy
therinal plasma model but with infinite magnetic field to compute the dis-
persion relation in the identical geometry, The models of Lichtenberg
and Jayson and Kuehl et al yield Landau damping of the modes, while
tne hydrodynamic model does not. The study of waves in fully thermal
unbounded magnetoplasma has been :onducted by several authors,ll’12 but
the waves in a magnetoplasma column have not been treated before due to
the extreme computational complexity involved, This paper reports the
study of waves in a magnetoplasma column and the discovery of surface

wave instabilities,

L i mhanton
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In preparstion for the study of elactrostatic-wave prcpagation in a
asgnetized plasms column, s dielectric tensor appropriate for sn infi-
niteiy extended Msxwellisn plasma is obteined in Chapter V. Our dielec- ;
tric tensor is siopler than the "dielectric" tensor presented by Stix.13 |
The simplicity of our cdielectric temsor results from subdividiug the
plasss current into prlsrizstion and magnetization currents, A cylin-
dricsl weve solution & .propriate for a uniform column of Maxwellian
clasma is synthesized from plasne waves and the dispersion relation for
the waves iz obtained in Chapter VI, At low magnetic fields @nc <<Dp)
tne surface wsve along the column of a Maxweliian electron plasma is
shoxn to be unstable, The nature of the instability is studied by means

14,15

of Derfier's stgbility criteria, The surfece waves which occur

< W are also found to be
i pi

unstable, Since the complete analysis is so vast, only the lowest-order

near the ion cyclotron frequency when O,
cylindricaliy symmetric mode is numerically analyzed,

€. IKSTABILITIES

Piassa instabilities can be divided into two general groups, micro-
instgbility snd mocroinstsbility, The instabilities which cannot be

dezived {rom the standsrd magnetohydroldynsmic equations but which depend

on detsiled microscopic equations for the plasma are classified as micro-
instabilities, ¥e are interested primarily in the microinstabilities
which occur in a finite geometry,

Among the macroinstabilities in a current cerrying plasma are the
well-known kink and sausage instabilities ehich are csused by the inter-
actionn of the plasme with its seif-magnetic field, Another instability
which ocqurs in a plasms with a directed current is the Kadomtsev insta-
bility.lb The Xelvin-Helmholtz instabilityl7 occurs in a stratified
fluid in which the adjacent lavers are in relative motion,

The above instabilities can dDe obtained from the fluid model of the
plasma, The second class of instabilities, the microinstabilities, may
be divided into two broad groups. The first are those instsbilities
which are caused by the peculiarities of the velocity distribution and
w8y be calied veiocity space instabilities. The second group of insta-

bilities depends on tke plasma geometry, A simple example of the first

-5-
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i1. DC SIATES OF BOLLOW CATRODE PLASMA

Citen plosmss prodmced 1t he isbonatory differ from s true thermo-
Svouics] smiiibrian plasme. [a such nosequilibrium plssmas the energy
€strimtion of the comstitmeats {slectron, ioas, nsutrals and radiation)
dovistes siguificeatly from Boltzmsam's probebility isw (exp - E/RT).
Thase S9Tiaticas Sre & spperealtly isexhsustitle source for the discovery
o! ase osispiiities, designed by asture 1o unilinstely restore equilibrium,
Theory aad i1aterprelatioc of experimestsl dats frequently suffer becsuse
the Se3isticas from eguiiibrium are never kaosn expectly. A situstion
shere 8ii ccostitaeats sse 88 close ss possible 1o strict thermodynamic
eguii:idrivm =97 be {oamd withis s boamdery consisting of walls which
eTRioaisily) exil eleciroms, 10ms. aad mewtrels, Ie this chapter e
1.5 exaxime De ¢ Iroperiles of egwilibriun pissaas dounded by such
eTEIo t8lly en21l15g ®Riis., Yumerics: results are givea for some

IBCU . SSTWMRII TS,

4. FLASKA NOE

i1 128 saCciior we 1TTISiigale ideoreiically ime plaswms produced
Teeer THq TPT 1XYi1ile Jisne emitiiag wells 83 shown 13 Fig. 2.1, Irere
c8 1t w1 & IOIETILS] ALTOSS 1he Mode, and ke saditers emit electrons
anf o8 % some KIST MLber rEiiO 5—2 =2 (i) 'm L}, whica is f1xed

T: ThTRodTIBRCC TI0S168T2110m8 of 'he mslertsl.
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In the past a great deal of work has been done on diodes consisting

of thermionic emitters,

The majority of these papers deal with the study

of ¢c and oscillating states with a nonzero dc potential applied across

the diode. An early work on the thermionic diode with zero net potential

was given by Nottingham,1

who treated the probleam in the absence of ioas.

Witbout the ions he found that the electron density was highly nonuni form,

921 if the spacing was much greater than the Debye length, the density

@t the midplane was very low, Eichenbaum and Hernqvist25 included the

ion emission but studied the problem using the collisionless Boltzmann

eguation, never allowing the empty regions of the phase space to “ill up.

Figure 2.2 illustrates the model used by Eicherbaum and Hernqvist with

tae shaded region of the ion phase space unfilled,

Such ¢ nonequilibrium

anslysis is not realistic when there is no net potential across the diode,

Langnuira6
infinity.

FIG. 2.2,
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PHASE SPACE SKETCH FOR THE ELECTRONS AND IONS.

In our problem, we assume a strict thermodynamic equilibrium and fill

the phase space completely according to Boltzmann's probability law, and

hence the scale-height law is used for the electron and ion densities,

By taking thke potential to be zero at the midplane

equation hecomes

e
€

e
€
o

In,(x) - n_(x)]

{n+(G) exp[; =

] - n_(¢) exp[§¥]} .

x =0 Poisson's
( ),

(2.1) :
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At this point normalized quantities

;3 »
- XDO
eV
N=<7x
and
@ =370

with the Debye lergth at x = J;

A= —2—s]
De n_(0) e
are introduced, and Eq, (2.1) is thus reduced to

2
40 _ oM - ofe™y - (2.2)
d.",e

Let us first ccnsider the case of ( < i, the "electron” rich case,

The boundary condition at € = 0O is

the solution to Eq. (2.2) is found to be
F(o,®) = K(a) - § (2.4)

where F(a,w) 1is the elliptic integral of the first kine?( with

modulus @,
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integrals sre onthble.a:

a sod argusent X{2}-$. Heace,

By invertisg Rg. {Z.4). we obt

]

et

= J(l-!‘}{i-c‘t“

teia

v = saff (3] - §,3]

- =-24iasx(3l - 4§20

terms of 8 siviisr Guantity givez st tke exititer surfisce. Let
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where salk{a) - §,a] is the Jocobi elliptic feaction® w1tk modclcs

Ak

snd Kk(Q} = F{a,1; is the complete elliptic i1ntagral. Tsdles for beee

("

Equstion {Z.7) easbles us ic czlralate 'he pclisziisl as 8 fraciins
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FIG, 2.2, RATIO OF ELECTRON AND ION DENSITY,
@ = n_(0)/n_(0), IN MID-PLANE AS A FUNCTION OF
SEPARATION DISTANCE 2L IN UNITS OF DEBYE LENGTH

A, FOR DIFFERENT VALUES OF B2 = n_(L)/n_(L).
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For (Q approaching unlty we have
1 2 2
sn(u,a) ~ tenh u +  (1-07) sech u{sinh u cosh u - u] ... (2.12)

and

K(a) N{n[—h—f/—a'] o (2.13)

(1-a)
For small values of w or \/E/—O‘: we also have
Fla,w) mw - 2 v (14F) ... (2.1%)
By shifting the origin to the wall,
& =-E+1L,

using Eq, (2.9) and letting the other wall go to infinity (o= 1), we
obtain from Eq, (2.7)

Nn~-24n sn[F(l,\/_B_) +. 5, 1]
~-24nsnl /B + €, 1]
~ - 2 4a [tanh (/B + §')] (2.15)

which is the result given by Langmuir for the semi-infinite plasma bounded
by an emitting plane,

Thus far, we have been concerned with electron rich cases, The ion
rich cases can be derived simply be re-defining the parameters «, B8,

n and A as shown in the table below,

DO
Symbol Electron Rich Ion Rich
8 n(u)/n (1) n_(L)/n, (L)
o n,(0)/n_(0) n_(0)/n, (0)
.2 2 2
Abo KT so/(e n_(0)) KT ec/(e n+(0))
n eV/kT - eV/xT

-13 -




With the new definitions, the Poisson's equation becomes identical to
Eq. (2.2) with a1,

B, NUMERICAL EXAMPLES WITH PURE METAL EMITTERS

To give some idea of the types of densities and potential profiles
which can be expected inside a "black body," we give some numerical re-
sults based on emission data of pure refractory metals, In practice
the quantity 32 = n+(L)/n_(L) is not easily obtained because the data
on ion emission rate from various metals are scarce., For the numerical
computations we use the following empirical formula on ion emission from
molybdenum emitter as given by Wright29 and the Richardson equation for

electron emission, Current densities are given in amps per cm2.

ed

In 3, =28.39 - K—; -0.4534aT + 6,22 X 1o'“T , (2.16a)
5 ed
J_ = AT exp(- T (2.16b)

with
2
A = 55 amp/cm

g, = 8.3 volts

@_ = Ll-.37 VOl‘t‘:’S 0

In the computation the emitters are assumed to be 1 cm apart, In Fig,
2.4 plots of n_, n+(0), n (0) and XDO versus 1/T are given, The
neutral density n, is obtained from the data provided by Honig.3O The
graphs rhow that above 2000 °K the space charge is practically neutral-
ized at x =0, For T < 1800 °k the diode space consists almost en-
tirely ot electrons, the density is very low and the Debye length is of
the order of the diode separation, Figs, 2.5 and 2,6 give potential and
density profiles for T = 2200 °k.

We were somewhat startled to find that the space charge neutralization

requires only a small amount of ion emission from the walls, For the

example shown in Fig, 2.6, the ion density at the wall is 106/cc, which

- 14 -
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FIG, 2,4, ELECTRON DENSITY, n_(0), ION DENSITY, n,(3),
DEBYE LENGTH Ap, IN MID-PLANE, AND THE NEUTRAL DENS1TY

n, AS A FUNCTION OF 1/T FOR A PURE MOLYELDENUM EMITTER.
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corresponds 10 a2n ion current density of 1579 tq)s/ﬂz. Even with such
a sn2ll ion emission rete, we can derive a neutral plssmas whose density
is orders of magnitude greater than that predicted by the snaiysis of
Nottingham (10ns absent) or Eichenbsur ond Herngviet (nonequiiibrium
anslysis with ucfilled regions in phase space).

The midplane electron density, ion density snd neutral density versus
1/T for tungsten snd niobium are shown in Figs, 2.7 an¢ 2,E, For tung-
stex ke dats on the neutral density sre obtained froam graphs provided
by Honig, e2nd the following empirical formula as given by Sxxith31 is

used to compute the ion density at the tungsten emitter,

e
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For the genersl csse of conzero Q, ode must rasort te mme~icsl
iategrstioa. The foliowing normalizetion is found to be convezient for
mmericsl snslivysis

P':J;ﬁ:LJ’Q_:f.:'JS—, A = ) 2
kDG *s 2 e n (s)

The variable ;" messures the rsdius in uaits of i./‘/ 3, whick is »
knowa quantity, shile the varisble { is mormaiized to Kw, vhick is
o0t knowrn » priori. Peisson's equscion mow becones

f?- 1 ¢ 1. 2 - -
&'2’ F' “u 80 '.e 0‘ - ("&)

1 & ar ) LA 2 -n
= =P =) =z (2 simh n+ %] iz.23
e 4o (P ep') P < s * 3 3
vhere
82 o1 -5

Ny

Byustion [2.2:) iztroduces s parsmeter § whick is gezerslly » smsll
zmsber directly prvgoriioasl io ibe irsctiozal deristioz from meutrslity
at ¢" = C. Por computs iomsl purposes, we used Bg. (2.23). For »
givez velue of 2, » series solutioca cax de oblasimed for smail ralues
ol . Let
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By imserting these reistioms tzto By. (.23 saf eguesting e ooelfs-
ciexts of the like oower terms, we get

a_ l.; o x = 2, 3,2, 3. ..
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Using ki soiviion 28 1de Slariisg =iz, the M Iferemiisl egaslizzse 33
iztegrsted mmmericalliy by 2 STBALGHL procedure called “Afems Preficzier
Correciice Nethod,” availsdle at 3¢ Siazford Compuiziior Cerirr. The
ixtegTalion procedise s repesled ¥1lr cuffesext 1zlmes o I nriil ide
boucders coaditian a1 tie wall 35 sslislied. Tbe Tesmilinmg Rnoteriial
proliles for » uolxodenur ex2iler sre E2o8T 331 b lemperaluTe X3 B
parameter 12 Fig. Z.i.. TRe Qameles of e em:ilers 5 lskex T e
i, The curves shos 12t he dexsily and polex isl profiles ftr ide
crlizfrical sTslem iock like 1hose of "be plazer srsienm Ier T raeims

is mack larger 1hsx the Dedye lexgtl. é.D.-
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fraciioa = of tke metal surisce -~overed by 8 mono-layer of adscrbent,
Tafer steady slate contitions. ion and stom exission rates are equated
10 ke arrivel retes of the ions snd atoms 8y and Heo

3 +
Yo T Yy =Hg YRy

To odtsiz the steedy slate <overage, se ssTume Yi = ;,» and the atom
emisSio: rale 1s egualed 1o the atom asrrivel rate shich is computed froa
-be vapor pressre of the sdsorben! msiterisl. In this msnner, the steady

stale cose-age & 1<« delermined and hence emission rates csn bhe computed.

o gl

Sirictiy spesking, our camputations violate the thermodynanmic equilibrium

ccaadli 1100 silace 3¢ asswune thyt tle vapor tempersture is not necessarily
egz2: Lo the r i3] iewperstare. Using tre resulting emission data, we
ocmpsie e & .ty an€ polestial profiles for several differernt sets of
ccafiijome, Shoex iz Figs. C.11 and Z_ 22 sre the profiles for s typicsal
cesg 21T cesium TIpor 23f lungstex enmilters, JYote that the space charge
iy Depiral i (e grester >ortios of the dicde space despile the large

Mifezerse 12 the 2lecireom 22¢ o0z Cemsities 8% ihe wail.
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" { FIG, 2.12., ION AND ELECTRON DUNSITY

~ 10 |  PROFILE, The conditions are iden-

£ — tical to thnse of Fig. 2.11,
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The midplane densities for sufficiently large plate separation

(L >> ADO) are computed for tantalum emitters with sodium, potassium
and cesium vepors, Shown in Figs., 2.13, 2.1% and 2.15 ere the midplane
plasma frequency and the Debye iengths as functions of emitter tempera-
ture with the vapor temperature as a parameter, In the range of emitter
temperaturss covered, the Ta-Na system is electron rich, the Ta-K system
is either electron or ion rich depending on the emitter temperature, and
the Ta-Cs system is ion rich, It is interesting to note that even with
sodium, whose ionization potential is higher than the work function of
tantslum, a good workable plasma can be obtained. The probability of a
sodium atom being ionized by tantalum is small, but a sufficiently high
number become ionized to neutralize ‘he electrcn space charge in the

diode space,
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FIG. 2.13, PLASMA FREQUENCY AXD THE OERYE LEWGTH FOR A SOCTIUM
PLASNA PRODUCED BETYEEN TWO TANTALUM PLATES VS PLATE TE4PERA-
TURE, Scdium tempersture is used ss s parsseter.
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FI1G. 2.15. PLASMA FREQUENCY AXD TEE DEBYE LEMNGIE fOR A
POTASS1{Ai PLASMA PRODUCED BEIVEEZ TWO TAXTALIM PLATSS.
The quantities sre plotted os funciioas of tssntalan

tempersture with potsssiun vepor tenpersture 2s a
parsmeter.
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FIG. Z.15. PLASEA FRBQLENCY AND TEZ DEFYE LIMGYE ROK
A CISTUR PLASNA PROUDCED BETVIES YWO TAXTALIM PLATES.
e gasatist:es are givez ss {mactioams of tsstaimm
texperatare vik cesian repor lempersture ss »
Pa-aneter,

L. DESSITY XEASTREMEYTS ¥ITH SCOITE *LASEA

Sodiun pissma is prodoced iz 8 Giode whick is Gescrited 12 i3e
schedtic Cfrewings of Figs. Z.1% a:é 2.17. The diode cozsisis of twu
circzlar lasislmn outloss of diameter 1.7 imches sepersted by 1 izch.

The buiilcas are bested by eieciros Mierdmeant, snd the sbole tude is
immersed 12 az o1l otk 1o leep ke teks lemperature uuilcrm sed low,
Prorisioz is made siss 1o vary the 01l bdbath temperature. The tto_;ndda-d
Frobes are for lhé Linist ssve measurements Jiscussed elu-there.st The
deasitly is nessured by » Langrulr probe coasistiag cf 3 long wire of
1Z/1007 inck dismeter, The probe is provided wita az accurate meter { i
wkick indicates tie prote cistozce from the centler line, and provisions !
sre nade to perni?! angulsr motioa cof the prodes ss well, The duttoss are
surrounded oy heat skields shice sisc avt 25 guard rings. 10 confine the
plasux in the ra3dial direction and oeke the diode closely approximate o2
tnfizite systex, 2= axisl ragoetic field is applied.
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FIG. 2.16. SQEIDMYIC DRAYING OF THZ FLASHA TUBE. A = sodiua
Tepor soGree; £ = tsatslun pistes; C = gridded probe; D =

bombsrder power sapply; " = {ilsment power supply.

FIG. 2.17. SCHEMATIC DRANING
CF YTHE PROBE SYSTEX. A =~
tzotalun plate; B = griddad
prodbe; C = Langmuir prode.
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hest shield (gusrd ring); E = bomberder filsment; Vg = )
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™e plosns Consitly is fount tc Be Sighly Gpendsst su The GUEre-TiSg
pu-ud,---tﬂunww_”‘-“a:m.hﬁ-
the prods cherscierisiics for eTieus Furd-riang peteucislis wiT: s mg-
setic field ¢f I3 goses appiied. WMwes iz Fig. Z.i5 sce The apuri-
assts]l smi thesreticel pisems freguenties o Suextiess of The BEZlo
temperestzre, The dals gre laken woth The prule 113 - v= from The Oomtle
lise, the gaard ring Mased pesilive and o= SKio EMgEStic Miel€ o 35
gouss spplied. Iz the smslysis <! the @ats, we lebe IXst pertism of The
probe which ic 1asides the cothade rofiss lo compite ihe effexiice sow
of the probe. Beace, this wthed gives only Ihe sov.age damxily of The
pivems. Severtbeless, the sgresmest detvess the Thessry and Ihe eperi-
mest is good.

Bith the ol beth tempersture st 3= K, the mustral sodims Semsits
m(mmmuu:sgtl:-/c. The piases Omms:ty
w1th the buttos tempersture sl 2 . "K is 7 ¥ L. ‘cc, shicht rapresests
4 peroeat iomizstioc, Higher percesisge *2uizstioe C8s 3o sctiesed ot
higher ruttos tespersisres. Weun » *ard sgbae andel 13 msed Sur soflam
sto' , ihe electrca aesirsl collision fregesscy s shocl 2 By, wiile
the plasas {rejweacy is shbout I Mg tor the coafitioss shwose.

Fros the mssesuemenls ve st coaclude thet the sefiion plases 3» T=""-
suited for low demsity quiescent plasse epariassts. Uwiesirshle efiects,
suck ss dissppesrsace of the topor soxrce, shovritag of the elecirodes Gue
i0 sodiun costing sad corrosioa, sre aol! mijicesile. Ue deieve thet
this is ths first sodiun plessns prodeced 3 Ibe rescaswe ‘osizstiiex
i process, Ou the besis of ¢ur compelstions. Mlnmszmsé foc3 et
| to use the YNs-Ts system is their Lendse denping scyperisest.
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*, Joa Rich Case

Iz the jo® rick cases Petiam rescosaces of the cothode shestn
ste expecied since the elecizen Gmmsity sser the diode walis is law,
“Bettasr rescsssces,” 1he rescesaces oiserved o= » plesms colmm, arve
due a sommsd forecty i the pissus. As com be sees from By. 3113,
mupsgetics scours whes the applied I{reguency :5 gresler thes the ; lasme
fregmencs, sxf he seve is ou: of{ uhen 8<a. If the freguwescy is
ad==sted s ¥ Mmove e plisen freguescy st 1he edpe of 1he colum bet
eise thst M the Oexter, the Sove JFuPegsiies 13nard I> the pod 3t mhere
it e a2 off @ee te the 13cTOSSing eieciros dmsity aad 35 reflected.
1 the totsl ghave sii Tl 38 ox whex The WO “elawss 1o be wmil, »
steniing este will 4 set i3 oad rescaswce *eSwils. A esvellest samiy-
sis ¢f hese TePMBAES For “Bhe CSitice niamx of 5 Glecherge is glivax
nm-i Sews 13 Pig. :_.: sve he 7! siexinz fieid streagtis 3¢
the Zirst ree sodies Sor The 132 TiCE Case osrvepEiag 1o The O selo-
wes shews 33 Nigs. 2.i. st 2%, The firsl resoomuce scoans 8 85 {re-

QUEmcy elise e s fpisew ylasae fregascy. =t The eleciric Jieid 39
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Ceacarizeiad 1: 1te sheek regiee. Gesrlr tXis Teleaenoe 18 ilbe 1he
sttaer resessce. The ressmssce ‘regeex; of b secemd, TRIrd snd
ghsr order mpdes sre gresler The: a’.. i e fialds fer Tame
paRstrTele 1rils the pissme. The Nigher ordar sode Tegueacies CIe ey
Ziee lagether atd, demcr, the modes a9y 35T 35 detactsdie empor.memisily,
e fi7s: eaf seccad TeScaances are snetefd fsr emcagk specsi s> the: ke
firs! ressasace swy be Setecighie.
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Far e sxirsis, »e <keil 3¢ he geoweirr showt 1x Fig. =.~. ¥We shsll
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(3.13)

where lhroughout this secijon we tske Y > .. To obtsin the boundary
conditioa, we shsll assume that s certsin fractioas R2(v) of the particles
ispizging upoa the w2ll with velocity v 1s specularly reflected, and
the rest perfectly absorbed by tke well, In other words, at x = - L/2

1,[p.- 3:%) = 291, e, 5-0) (3.16)
and st x = L/2
Il[Pyg.-’v) = R(v)fl[":%:v) (3'17) 5
39




The cosffictest Piv] caa e s complex auaber stick elloss oo 1ime
deley 1= reflectise. By appiying these dommdery comtitions to Bgs. 3.1+
sw (3.15}, cos owelastes ¢ _p. = Lz, T v) 1o odesie

e s apinr m-—y
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From Msxwell's equstion we have

1,fp) = 3,{p,x) + pe_Elp,x)

= p¢ E(p,x) - e r v{f (p,x,v) - ¢ {p,x,sv)}dv {3.22)
C 0 i 1

where the total current density I1 in the one dimensionsi sysie= is

known to be independent of x. The quesatity 1 represents the driving

1
current which wss sssumed to be zero in the study of the lossless plnsa-
resonance in Section IIIA. By using Eqs. {3.15) snd (3.19), Eq. 3.2C

can be expressec in the following fora

7

o(|x-£])BLo,E)e6 + f o(x,E)Ep,E)  (3.21)

L/2
I, = peoxfp,x) +f »

-L/2
Lo

B e L

N T I L




e cor?l.cient B CHEL B 5 CEMP.GE MRS CRUCY 2. .S ' l.me

iy it TeCex2am. U mpo -3y These enfix™ Sia .o o dys. J
sut 2 . ewluwes ‘3.3 .3.% 31 i3 lrsc:
-np ;—.‘.‘:V- 2 = . ',--‘Q-t‘ - € s * o --'-‘f,
... . = e = ey -
) -.? l-~#i
4
-l‘a o »
ar—adl | Ce Jom f—f“
‘s -
=t
-.:-‘ . o - * (,..'.-.g( ¢ e ;: € 2 ~ wup g(
» . - = =
-} ¥ eop - j
i
-- ol -
—..-j l,l.'.-.L'j“
a-J)
Frus MRIpetL . ¢ GBI LM Se e
I3 e 3. -nl!:;)_a
g .
s ﬂ‘t._x s - e . v ._3_& 1 - 7 3.8 -1 =
MW The oS, DAUTTERT fenec T D -3 @ uve QBEhs_ull. SIER _3

ChII LI Pr . nUEpentET 3l 13 Tim puml T =i SUGresET..> The . \.ng

CATETT BNt S MM LI W BETT L1 The STul: 1T TIw . ned e ) St

sepmtw- o .1 bex<Lmt 1128 B wiing B Pt mmt - oo E -3

M B CEIreeset .3 Tl Zli_.¥Lng 1B

~ 2 =k )
i e ﬂ‘l:t,a - ‘ T =3 3.7 .4 - J FER W 4 TR -
i - =z

Rk TR TR

e o1




W L e

eSre
<
e - ®K .

T 8 e - ! 2 ey - i L
. - ‘ - '-

[ ]

" F 3 .-;‘ e ; . ~
t_‘ ® - T o g ?
{”. - Yexp- %—-
(o NRIEEY RS VT
“JT?Q-—-—'—‘ -r‘q-z—‘—‘., Da
- _,‘.' —— -~ ——— - - -
: PE -t‘q-#}
. -
Twe sz & % 20 The OBt I MErTw. L1t ;T L6TUIN e IO meED
Prr Ttw e Mo SWIEE W SICLIRle KR KT TSt Serwel e

ik fzetf 4 & SARiIiww” Tellexzim s, i o §

e Joudiven L9 W Tedaed 1: eslitiyg e cuviaprel B (.l Sw e
eamizut ‘360t o JBuErB. MECANIMNI 13 TICS GPMFILnr I AT SSW) T TEOW
ML, eTr.mrom 2unmacy e £2%2:n0 it WnsLL T gt ar SO
I M The O RNOe uNPES IfeqI LN JUSAED TeRNIDKES . S W -t le
ACIiMS- g CTRI XIS GXRUNe ‘19T "he L. SEEE WS JNRTITSI SMheli TISITTMiue

d Wi iiel &8 ‘il

Tz sIsimizer Juwl. 0t ST ETOeTlef LTI oMt CLBension Titids

tﬁ
g 1 g = T T
£ 4 <1 2
= . ¥ .7 L2 )

P t&erTiiirang e mest sgosred 1eloci'y 1o the lderms! speed, we 3dtsin
ibe fsiimmiag reislnix

-1




&
[ 24 < ‘s
T2 fin .
b4 z

Sme CEPRCIET. SRIrLCEIRNG (7 the sglecice: she.l nole: s S8 31 Sees
. Gl loanfm Gonpgtag. Smveer. 1 Sags L1 TeSlts W SO
sagie onl :xiscapive. B she. .l TuTacr sIzPpliifr Jhe JCWVALES P SEBMRT N
[ ‘e reliexiicm o tliccers Rt s Tum. snt - wlepen@emr < 2
S creacziag By, L2 s Bgs. L% sme ‘2t . I % st 3 x §

sTe Ssuwt s M

4 € - PX -
S5 =% » - "-r-—— .
- o i " - g 4
&+ E
.;¢‘ 1 -
‘ :..: . - E 4 e - -2
n - !“n; ;ﬁd ] g
3 s -
- . .f . -
-{Eb; B - g‘.‘ﬂl.ﬂ..
! ‘. .
¥F:12 hase elues »! .":xj st < '1.§ . o o £ilfereniisie be

salegTel epueiiar "3 1l TIice %It TeBpec? o X 1o elimsisie ltre

ITIagreis, ovf 91sir lhe s5liosiag & /ferexiisl emmalion

éx S i

< | X .z To - 1 2
1 ——rm— e § o -2 £ x - L AT
. - 1 ‘ = € =3

d« °

*ith the hoandery ccadiiloas

e ) ax ! T
w13 Tex l 9 2329,
X ===
<
a9
iL ll -R ‘x‘:
BZ) = 0o - (m) {3.30)

o
"
e

PP S R




"here no® P .S Teglsced e L The sedytim i Be. 2 wmza

osiistrer Bys. i sx 1% s giver e

-

f o0 IE i
1. i uf L5 ces e
T: - e |3 - z Rt
£ ™ - -
ad 3 - 2" uT i d - 1w s < s
» :u?~w—_.‘=  ETIRITR T% S |
L P = > N,
i - -
omere  x s -:;%:':_ e ‘lesl SIS D 8 ORIl ve I et o
a
PEce-TETINg I . Wees o L e T e I eut he SPECE-1BTILEE

3
IMETT VeI @S LML @RI 1T SIe0E .

Tte :mpelente 5?2 e edr 3 DIl wnl I lzigeTRiing L ov L

: < . -
- - - & -
i > z
= — i - —_ -
< < - £ —
A {1 - ST 12k -8 -2, i = 13
; 3 —1Ce® — = 3T=—=3 . ] - o .7 833 ==
€ < Fd i r -“'
For 13e special csse 5! periec: relleciioa 21 “2e 3xlls 1 < e
1opedence s glTexr N
Z= L z 2 i °—; 'It::—'_.! 1otk
) 2 B
=€ i1l - .27 = o I
s..oi T , 2

sSich 15 the result obtsized d>r sl -

Shost :2 Figs. 3.5 amd . < are 1de reel ané 1magiEars poris of lhe
impedsnce for diifere=t vslues of K. Jole 31, svexr B = i, rescaoes
occur sheoeser _L.Z = [2o+lix'Z sBere = 15 83 i1vieger. Bmmever, »::d
R = C these resozances disappesr &xxelil for ibe ioses: order omm . S:mce
the sphericsl shell model does 20! exhibi: Laxfsc denprng. the izis 21
this case can be atiribuied enlirely to the exd plale absaryplio=, Iad

the ~Q of ibe resorance 15 directly relsted o 1he —efleclicr coelfa-

¢
(Y3




[ 2

ap
>

A —

bl

-9
L

-

e pecwmwter S The JS3te 39 he Tellexiiun

H"%-

T A RO F T OWRLITT 10TE

-
T,

29

-t n,-




1 19 2" i1PteTes: o CcoF are ke dlode ispedsnoe w1l 138 of 2
Semeats! SITIIET 73248 Sgvisng 8 palr of meralle: pleme gTMES ilasuyeed
it 8 i1zfiri‘e ploems. By sPeumiag 1he: 19e grids 1rieroap: field limms
et 2! 1he * icles, ibe lupedewre betves: Ikw pelr of grids oz be
shtelswd - Jmmmnl__é Fer g1 ds separsied by
s isignce . ond Jumerced 32 o plasas w1lk 3 sphericsal shell selocity

disinmsiiag b :apedewe s ‘o lo be

~.£ "‘21
s L - S ey e
ol - & F ,-_:@:-_255 z.zl Rt
O L} SRR | I : L j
. ?

where © ts 89 Sel130C FoETiswels. Sbhowr iz Fig. 3.7 1s ibe r1mpedsace
23 3 fax i of L. Tie :mpedanre 3¢ the wrsliel gnés d1ifers Irom

. : c-e o R
Cl T e
« &
i - a3 .
A ]
1
1
T
B

.- ]
’ - \
"" j
rd
. ]
7 1
’ E
2 4
I'4
i
!
H
1
!
]
[}
]
A' i
E-X ] o i
-2

FIG. .7 . YNORMALIZED IMPETANCE FOR A PAIR OF INFINITE
GRIDS DBERSED IX AX IXFINITE PLASMA.

rd



U

1he & ode 1vedence 1T BOTETS. redPecls. Firs:, 1de griéd srsiem exhabits
rescIEnce 82 1He PissEs freguONCT $213:8 1de repomsce for lhe C1ode 1S
1?18l shove ;’. Also, the grif 1uwpedence i sri:xite 81 . “ge
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1rpedeoce, exotP: for he cave of R =z i. :s compiex {or ali frequemcies.
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C. COMULUIN: SENAZES

Eieciro$23liCc resoagnces 13 8 »oncszi {ors piisss d:ode sre predicled

b3 Tsing e Rrd&rodyzsmic mcde]l =< 3 ficiitioms Doundary condilioc.
These resozsnces -robsbly will b= nmodified gresily shez kipetlis models
sre used 10 study the diode. The szplysis of 2 mifcru pisena diode
using tke sphericsl skeil velocity distribution shows thst wall absorp-
tion glays a2 importanmt role in the deteruminstzon of the diode i1mpedsnce.
Iz fact, vhen complete sbsorpiion occurs st tie walis, tbe only resonsnce
of significance occurs wshen the diode separsion is exscily ecjusi to »
half-wavelength. Because of the sbsorption effect, resonances sre not
found when maitiples of Lhalf-vsvelength "fit” into the diode space.
Thus, some of the resonsances predicted by the hydro-dynsmic model may
not be observable, especislly those found in the electron-rich diode
where sll of the electron trajectories hit the wali. (See tke phase
disgram of Fig. 2.2). However, the resonsnces predicied for the ion-
rich ¢»*se msy be observable since most of the electrons in this case
are trsppod in the diode -pace and do not strike the wall,

Neither the hydrodynumic model nor the spherical shell model is
capable of exhihiting the Lsndau damping effect. An analysis employing
& more reslistic gaussian velocity distribution will further modify tkL.

resonances and the impedances,
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Iv. DC TESOET OF QALINRICAL BOT EAGYXETOPLASEA

iz Capter 1] we stucied i1dhe ¢ properiies of! plasms coxnfined detween
1ziszite pisnes. It 3 preciicsl <rsiam the :1nfixile sysiem co2 oznly be
sppreximeted crudeiy. Nost of *he pissme Jdevices Yhick: use the comisct
1021231132 PTICLSS COBSISt O° T1TCBIss emlllers whick face eech siher
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disneier of the emsiiters. TIte ryodial coxlinemext of ke plasms 13 such
s stsiem 35 schigvesd b1 1%e 8Xid: negaelic field. [z 1x- cChaspler we
imestigete e & properiies of » crirtairicsl columz 5! megzetoplasme .
fFirst, 3 theorelics]l szalysis wili e givez follomed v some OC meBsSile-

me2: resulls oz 2e crliimdrical colamx,

A  CYLISDRICALLY S:WRETRIC SCLETICX YO TEE SOLTINRNY BEKATION

Y. 3
Tre Boilrae s egzalioc for ibe species of the pissme it elecinic

sod magmellc f1elds s givez In

3s > e b Y
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f“ - T - ——2.‘ - ;‘ .‘ - 5 9 s' - -‘—“ = (T‘-z) . - 3
*x 3 >3 o0ll.
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conder tke assunpiloz of m=egiigid

Ve shall sssume {urtkher 1ks: the plssme 31s crlindricalir srameiric

(2,36 = 2} aod wniform 1= ike Aireci:sz of ibe exlernaliy spplied sc

magoetic ield {3.3z = (1. A=y fuaclioc of tbe comstlezis of tie wsiiSL,
such as the 10tal energy. saiisizes Eg. ‘<.z . Ooe suct sgluzine 1§
&%
given by ~
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f.(v,r):f!-—,-~"-:_‘r~-‘--‘r-A'r-—-"&‘ri -
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- <= -

:')' = iz ;j i¢ s vector s:ong the msgnetic field, r is the

coordisste vector perpendicuisr 10 the megnetic field, ;(-1.') is the

vhere

vector potential, and V{rj is the scalar poteniial. As can be seer,
Eq. {~.3} is given in terms of the total energy and the totsl angulsr
moaezniun shich sre constsnts of msotion. The electric and msgnetic fields

can be derived froc ¥{r} and 1(;) by

3 =7 x A(r) ;

(1Y]
}

-
- rf
-7 "’&‘l‘}

¥e :nall prescribe the solution to have Msxwellian velocity distribution

along the axis, snd, hence,

- - B, ;2 — — - e,’ - - - . ej -o\
v,r = el 1= X N A @ LA -
tj(w,r, = Aj exp ( v r) + = (aj x r) . A(r) vir)

By assuming further thst the diamagnetic fieid produced by the plsfsma
rotation has negligible effect on the dc magnetic field, the vector

potentisl becomes

and Eq. {-.-) can be reauced to

- - n, -‘;2 - - - (.Djd.)c i eJ’ -t
;T o= - — £ - \ ST
fj(v.,r, = Ajexp _Lx‘l‘_( >tV (“Dj Xr)+ -———1—2 = v(r) (B
J J
] .th .
shere ;cj = lejBoi/nj is the cyclotron frequency of the j species,
Equstioa {<.5) csn be rewritten as
) - - 2 =
R f Dy me Xl Doy vep] oo
r > — |- = = o ‘
t;\\,r) = Ajexp = 5 + ) r . v(r)

(4.6)
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'From Eq. (4.6) we can see that the whole species rotates as a solid body

with rotational frequercy wj,

When Eq. (4.6) is specialized for electrons and ioms, we have

- (_‘; e m g v - w, X r] . [(l.)i + wimci] 2 eV(r)\ .7
AR S IS 2 2 mi) .
and
-~ - =2 .2
m f[v-w xr]” (e -0 ] \
- = e e e ece” 2 eV(r) 1
foe("r) = A exp KTe<- > + 2 r° + o) ) . (4.8)

The density profiles and the current densities can be obtained by per-

forming the appropriate integration of Egs. {4.7) and (4.8).

3 rme [we " wewce] 2 e !
ne(r) ne(O) exp ( 5 L V(r))_J ’ (4.9)

KT
e

m f{w, + oo ] i
ni(r) ni(o) expl— ( 1 21 22 S -mi V(r)>.J s (4.10)

i
|

= - e((T)e X ?)ne(r) , (s.11)

¥ ]
1]

e@i X ;)ni(r) . (4.12)

For the special case of compiete neutrality, the simpie solution

yields a gaussian density profile with mean squared radius

5 ’é‘xTi - 2KTe

A ) e ned) o
m(w, + oo . m{w - ow
i\ ici e\ e e ce

and the electrons and ions each rotate as a solid body sbout the axis

with frequencies a)e and a)i respectively, The following restrictions

must be placed on we and w to avoid densities which rise with

i
increasing r,
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